TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 349, Number 3, March 1997, Pages 955-971
S 0002-9947(97)01864-3

EXISTENCE AND NONEXISTENCE OF GLOBAL POSITIVE
SOLUTIONS TO NONLINEAR DIFFUSION PROBLEMS WITH
NONLINEAR ABSORPTION THROUGH THE BOUNDARY

MINGXIN WANG AND YONGHUI WU

ABSTRACT. This paper deals with the existence and nonexistence of global
positive solutions to us = Aln(1 + «) in Q X (0, +00),

Aln(1 + u)

on

and u(z,0) = uo(z) in Q. Here a > 0 is a parameter, Q C RY is a bounded
smooth domain. After pointing out the mistakes in Global behavior of positive
solutions to nonlinear diffusion problems with nonlinear absorption through
the boundary, SIAM J. Math. Anal. 24 (1993), 317-326, by N. Wolanski,
which claims that, for @ = Bpr the ball of RN, the positive solution exists
globally if and only if @ < 1, we reconsider the same problem in general

=V1+u(ln(l+w)* on dQ x (0,+00),

bounded domain 2 and obtain that every positive solution exists globally if
and only if a < 1/2.

1. INTRODUCTION AND MAIN RESULTS

In recent years, the existence and nonexistence of global positive solutions to
the following nonlinear diffusion equations with nonlinear absorption through the
boundary

ur = Ag(u) in Q x (0,7),
(1.1) 90Lu) — f(u) on 99 x (0,7),
u(z,0) = ug(x) in Q,

has attracted many authors, where  C RN (N > 1) is a bounded domain with
smooth boundary 99, n is outward normal vector. ¢, f,¢’ and f’' are positive
functions for u > 0, ¢ and f tend to infinity as u goes to infinity. ug € L>(Q2) is a
positive function.

Equation (1.1) includes many well-known equations. For example, ¢(u) = u™,
(1.1) becomes the famous heat conduction equation if m = 1, the fast diffusion
equation if m < 1, and the slow diffusion equation if m > 1. And many applications
have been found in physics and chemical, biological and engineering problems, see
[2-4]. While the boundary condition in (1.1) can be explained physically as a
nonlinear radiation law and here is an absorption law, see [5]. For a proof of local
existence and uniqueness of weak solutions when wg is allowed to vanish somewhere
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and ¢’ (0) = 0, we refer to [6], and blow up results for some ug by concavity methods
in the one-dimensional case can also be found in [6].

If uo(x) is a positive smooth function and satisfies the compatibility condition
% = f(ug) on 99, the existence and nonexistence of global solutions to problem
(1.1) have been studied by many authors for some special cases. In the case ¢(u) =
u, i.e. the heat equation, Levine and Payne first studied (1.1) in [5] for f(u) =
|u|**¢h(u) with € > 0 and h(u) an increasing positive function. They obtained
that the solution may blow up in finite time for some initial data by the concavity
methods. Later, Walter dealt with the general nonlinearity f(u) in [7] by use
of the comparison principle, and obtained that if f(u) and f’(u) are continuous
positive and increasing functions, then every solution exists globally if and only if
f+°° ds/f(s)f'(s) = 4+o0. For the special case = Bg, the ball of RV it was also

proved in [8] that every solution blows up in finite time if [ s/ f(s) < 4oc.

For the general nonlinear diffusion case, the situation is more complicated. Under
the hypotheses that ¢ (u) and f(u)/¢'(u) are positive nondecreasing C! functions
for v > 0, we have proved in [9] that, by use of the upper and lower solution
methods, every solution exists globally if and only if [ T (s)ds/f(s) = 400
and f+oo &' (s)ds/f(s)(¢'(s) + f'(s)) = +oo. However, for the case when ¢'(u) is
decreasing, the above theorem does not work. For example, when ¢(u) = v™ and
f(u) = u? with 0 < m < 1, [9] cannot deal with it. In this case, if @ = (0,1) Filo
utilized the integral estimate and the comparison principle to obtain in [10] that if
2q > m + 1 then every solution blows up in finite time; if 2¢ < m + 1 then every
solution exists globally. Wu complemented the case 2¢ = m+1 in [11] and obtained
that every solution also exists globally. Wang generalized the results of [10], [11] in
[12] to general bounded domain of RY (N > 1) and positive bounded initial datum
ug(x).

Recently, Wolanski also generalized the above results in [1] to the case 2 = Bp,
the ball of R, and the general nonlinearities by use of the maximal principle and
integral estimations. For the special nonlinearity ¢(u) = In(l + u) and f(u) =
V1+u(n(l + u))®, Wolanski asserted that if @ < 1 then every solution exists
globally; if & > 1 then every solution blows up in finite time. However, we have
to point out that this result and Theorem 2.2 of [1] are false, and in the proofs he
misused the maximal principle.

In the present paper, we focus our attention on the following problem in general
bounded domain Q C RY with smooth boundary 052,

uy = Aln(1 + u) in Qx(0,7),
(1.2) % =1+ u(In(1 + u))® on 9INx(0,T),
u(x,0) = up(x) in Q,

where a > 0 is a parameter, ugp € L>(Q2) and ug(x) > 6 > 0, § may be sufficient
small. Let v = In(1 + u), then (1.2) is equivalent to

(V) = Av in Qx(0,7),
(1.3) g0 = yoev/? on 99 x (0,7),
v(z,0) = vo(x) > In(1 + 6) 250 in Q.

Our main results read as follows:

Theorem 1. FEvery solution of (1.3) exists globally if and only if « < 1/2.
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Theorem 2. Assume that a > 1/2 and Q = (—1,1),vo(z) satisfies

(H) vo(x) € C?*T7(Q) for some 0 < v < 1, vo(z) satisfies the compatibility
conditions at x = £1,vp(x) = vo(—x) > 0 for 0 < x < 1,vp,(x) > 0, voge(z) > 0
for 0 <z <1 and v3(0) > 4a(a —1).

Then the solution v(x,t) of (1.3) satisfies

9 1/(2a—1)
200—1 ’

(1.4) lim (1, 8)(Tax — )Y/ < <

t—Tmax

(1.5) (2, Tmax) = O(—1In(1 — |z|))

as x close to £1. _
If in addition vo(z) € C3(Q) and satisfies Vozzz(T) > Voza()vox(z) on [0,1],
then

(1.6) im oL, ) (Tax — )Y/ o= — 0(1),
where Thax < 400 is the blow up time of v(x,t). (1.5) implies that the blow up
points are only x = +1.

Example. Let y(x) be the solution of

{ y' () = y*(x) exp(y(z)/2) = C(1 —2), O0<z<1,
y(0) = yo,

where yo > max{1,2\/ala — 1|} such that ay§ " exp(yo/2) > 1, C = y§ exp(yo/2).
It can be proved that y'(x) > 0,y"(xz) > 0 for 0 < z < 1, '(0) = 0 and y"'(z) >
Yy’ (x)y'(z) on [0, 1]. Take

y(x), 0<z<1,
UO(:E)_ { y(_x)a _1§x§0a

then vg(z) satisfies (H), and vo(x) € C3(Q), Vozze (T) > Voze (7)voz () on [0, 1].

For other papers dealing with the balance between reaction and diffusion or
convection, or two reactions of opposite signs, we refer to [13], [14] and the references
therein.

The paper is organized as follows. In §2 we state some results on the local
existence and the comparison principle. In §3 we prove the global existence for
a < 1/2 and in §4 the blow up result for @« > 1/2. In §5 we give the proof of
Theorem 2. We will in conclusion raise two remarks on the general problem (1.1).

2. LOCAL SOLUTIONS AND COMPARISON PRINCIPLE

Definition. A function u(z,t), defined everywhere on Q x (0,7) and almost ev-
erywhere on , is called a lower (upper) solution of (1.2) on Qr = Q x (0,T) if the
following all hold.

(i) ue L>®(Q,) forany 0 < 7 < T,

(ii) u(z,0) < (>)uo(x) on Q,
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(iii) For every t € [0,7) and 1 € C(Q7)NC%1 (2 x (0,T))NV(Qr), the following
holds.

/u(x,t)z/}(x,t)dx S(Z)/ uo(x)Y(z, 0)dx
Q

Q

t
+ /0 /Q[uws + In(1 4+ u)Av]dzds

t % —1In ua—w ods
+/0/m[\/’1+u'(1n(1+u)) Y~ In(1 +w) 5" do ds,

where V(Qr) = {¢|vr, | V¥, Av € L*(Qr) and ¥ > 0}. A function u(z,t) is
called a solution of (1.2) on Qr if it is both a lower solution and a upper solution
of (1.2) on Qr.

By the Theorems 2.1, 2.2 and 2.3 of [6] we have

Proposition 2.1. (i) There exist T > 0 and a unique noncontinuable solution
u(z,t) of (1.2) on Qr satisfying u(x,t) > 6.
Moreover, if T < 400 then

li ) |loo = +o00.
Jim [a(, )]0 = o0

(ii) Suppose that u(x,t) is a upper solution of (1.2) on Qr with initial datum
up(x), u(z,t) is a lower solution of (1.2) on Qr with initial datum ug(z), and
Up(x), ug(x) € L=(Q) are positive functions. If To(x) > ug(x) > 6 for some small
6 >0, then u(xz,t) > u(z,t) in Q.

Using Proposition 2.1 we have

Proposition 2.2. (i) There exist T > 0 and a unique noncontinuable solution
v(z,t) of (1.8) on Qr satisfying v(z,t) > o.
Moreover, if T' < +oo then

I )]s = o0
Jm J[o( t)llee = +o0

(i1) Suppose that v(x,t)(v(x,t)) is a classical upper (lower) solution of (1.3), i.e.
o(z,t)(v(z,t)) € C21(Q x (0,T))NCHO(Q x [0,T)) and satisfies

(") > AT ((e%); < Av) in Qx(0,7T),
98 > peev/? (g—ﬁ < v%¥et/?) on 90 x(0,T),

v(z,0) > vo(z) (v(z,0) < wvo(x) in .

)
Then the solution v(z,t) of (1.3) satisfies v(z,t) < v(x,t) (v(x,t) > v(x,t) provided
that v(x,0) > o for some small o > 0) in Qr.

3. PROOF OF THEOREM 1—GLOBAL EXISTENCE

In this section, we will prove the first part of Theorem 1—global existence, i.e.
to prove that the solution v(z,t) of (1.3) exists globally if @ < 1/2. The basic
idea is to construct meticulous upper solutions and by use of the continuation of
solutions method. First, we give two lemmas.
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Lemma 3.1. Let m > 0 and define
s(m) = _
m y*exp(y/2)

then there exists m* > 1 such that

3
(3.1) s(m) > §m_o‘e_m/2 form >m”*.

Proof. Direct computation gives

s(m)

li _— =2,
m—1>I-I|-100 m-%e— m/2
Hence (3.1) holds. |
Lemma 3.2. There exists m* > 1 such that
m+1 d
Y —a,—m/2 *
3.2 / ——— < m “e for m>m",
(3.2) m yrexp(y/2)
m+61n 2 d 3
Y —a,—m/2 *
3.3 / —— > -—m % for m >m*.
(3:3) m y*exp(y/2) = 2
Proof. Direct computations yield
m—+1 d
lim mo‘em/2/ L — 2(1 — e 1/?) <1,
m—+o0 m  yrexp(y/2)
m+61n 2 d 3
lim mo‘emﬂ/ 7y=21—exp —3In2)) > -.
m—+00 m y*exp(y/2) ( ( =5

|

Thus (3.2), (3.3) hold.

We are now in the position to prove the global existence. Assume a < 1/2.
Choose m* > 1, such that (3.1)—(3.3) hold. Let m > m*, m > maxgvo(z), and
©(8) be the solution of the following ordinary differential equation

(3.4) { féf))ff(s) exp(p(s)/2), 5 >0,
Then we have
(3.5) i .

m Yrexp y/2)

It is obvious that there exists s(m) : 0 < s(m) < +o0 such that lim,_ s(m) ©(s) =
+00, and ¢(s) is well defined in [0, s(m)). From (3 5) we have

+oo
(3.6) /m Y exp y/2)

and s(m) satisfies (3.1). Denote h(z) the eigenfunction corresponding to the first
eigenvalue A; of —A with Dirichlet boundary condition, i.e.

_Ah=Mh, zeQ,
h(z) =0, x € 0.
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Then A; > 0,h(z) > 0in Q and 2% < 0 on 992. We may consider maxg h(z) < 1/2,
and let maxg | 7 ~(z)| = ¢1 and mingg |6h| = cg, then ¢y > 0. Take l = 1/co, K =
312¢2 4+ A1l and g(t) be the solution of the following ordinary differential equation

(3.7) { z’(g;:gfso%g(t))exp(—so(g(t))/zm £>0,

Using (3.4) we have

ea®) 4
(3.8) Kt= / A

-
m y=

Since 2a < 1, we know that g(t) is well defined on [0, +00) and

(3.9) lim g(t) = s(m) > —m~ %™/

t——+o0

Let € = ¢(m) = 2m~%e~™/2 and

(1) = p(g(t) + e(1 = h(z))").

Since € — 0 as m — 400, we can consider [/e > 2. Using

[

9(0) + (1~ (@) < g(t) + ¢ = g(t) + gm—"e 2,

we see that there exists 7} : 0 < 17 < +oo such that

1
(3.10) g(Ty) + §m_o‘e_m/2 = gm_o‘e_m/2 < s(m),

Le. g(Th) = m~*exp(—m/2). From (3.10) we have that v(x,t) is well defined
on Q x [0,71] and v(x,t) € C*1(Q x (0,71]) N CHO(Q x [0,T1]). Using (3.8) it is
obtained that

—m/2

plm=e %)
(3.11) KT :/ y2—ﬂ

Now, we verify that (z,t) is a upper solution of (1.3) on Q x [0,71]. Denote
7= g(t) + e(1 — h(x))"¢, then we have (remembering ¢'(7) > 0)

VU =1 (1)1 = k()= 7 ),
AT =P (r)(1 = h())P 1 7 b2+ 1! (1) (1 = h(x)) U729/ 7 b2
He! (1)1 = h(@) 1= (= A h)
= P(ap® () + (1/2)9* (1)) exp(p(7)/2)] 7 h[*(1 = h(x))*¢ /<! (1)
HZE(1 = h(@)) ' 72) 7 b2/ (1) + Aalh(@)(1 = h(@)) /<! (1)
(r

< [P (ap™ (1) + (1/2)¢%(7)) exp(p(7)/2) + 12ci /e + Mil¢! (7).

Since ¢(1) > p(0) = m > 1, we have p*~1(7) < (7). Using a < 1/2, it follows
that

AT < [P (r) exp(p(r)/2) + 1Pel /e + Mill¢' ()
< [Pt + (et /e) + Mb)p™ (1) exp(—(7) /)] () exp(p(7) /2)¢' (7).
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From ¢(7) > m > 1, it follows that
e (r) exp(=p(7)/2) < m™ % exp(—m/2) = 2e,

(1) exp(—¢(1)/2) < 1.
Thus we have
AT < (31t + Ml)p®(1) exp(p(7)/2)¢! (1)

= Kp*(1) exp(p(7)/2)¢' (1)-

(3.12)

On the other hand B
(") = e?D (1)g'(¢).
Because ¢’ (1) > 0, it follows that if

(3.13) g'(t) = K¢*(1) exp(—¢(7)/2)
then we have
(3.14) (€”) > At in Q x (0,T1].

Let f(y) = y*exp(—y/2),y > 0, then f'(y) < 0 if and only if y > 2«a. Since
T > g(t) > 0, we have ¢(1) > ¢(g(t)) > ¢(0) = m > m* > 2a. Therefore

Ko®(r) exp(—¢(7)/2) < K@*(g(t)) exp(—(g(t))/2) = ¢'(¢),
i.e. (3.13) holds, and in turn (3.14) holds.
For x € 9Q and 0 <t < T7,

= ML~ b))~ 5)

= ¢/ (1)l(—5%)

> ¢ (7) exp(p(7)/2)

= 7% exp(v/2).

T(x,0) = p(e(1 — h(2)€) > p(0) =m > vo(z), =€
By Proposition 2.2 we get that the solution v(x,t) of (1.3) satisfies
v(z,t) <T(x,t), (z,t) € Q x [0, Ty].

Consequently, v(z,t) exists on Q x [0, 73] and

~max v(z,t) < max o(x,t)
Qx[0,T1] Qx[0,71]

(3.15) = o(g(T1) +¢)

= go(%m_o‘e_mﬂ).
Now, we consider the following problems
€ Qx (Tz 1, T),

(e"): = Av, (2,1)
(3.16;) o — e, (2,t) € 00 x (Ti—1,T),
(x7t)|t:Ti—1 = ’U($,T%_1), z €1,
where i =1,2,---.
Denote m1 = m,p1(s) = @(s),q1(t) = g(t),To = 0,e1 = e(m) = e(mq) =
=v(x,t). Let
3

Mit1 = %(2 e

smy ® exp(—mi/2) and v (, t)
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1 _ .
€ ==-m; “e mi/2

2

Ti(x,t) = @i(gi(t) + e (1 — h(z))e),
where ;(s) and g;(t) are the solutions of the following ordinary differential equa-
tions

! _ a )
(3.17) {wﬂﬂ—wﬂﬂwm%@V%, s >0,
©i(0) =m;

and

gi(Ti—1) =0,

respectively, ¢ = 1,2,--- .

Remembering (3.15), repeating the above procedure of i = 1 we get that Ta(x,t)
= 2(ga(t) + e2(1 — h(z))"/*) is upper solution of (3.162) on Q x [Ty, T3] and Ty
satisfies

{ 9i(t) = Ko (gi(t)) exp(—pi(gi(t))/2),  t>Ti1,

palmz e ™21 g

K(Ty —Ty) = /

ma2
Therefore v(x,t) < Da(x,t) on Q x [T1,Tz], and hence

~max v(z,t) < max Ta(x,t)
QX[Tl,Tg] QX[T17T2]

= ¢2(g2(T2) + €2)
= pa(§mz e m?) = s,
Continuing the above procedures and by the inductive method we have that
v(x,t) <Ti(x,t) on QA x [T, Ty], i=1,2,--,
and T; satisfies

@ —my; /2

pi(m; “e ) dy

K(Ti_Ti—l):/ — i=1,2,---
mi Y2

Thus v(z,t) exists on Q x [0, T, ), and

KTm:KlliEl T, =K (T; — Ti—1)
1—1T00 =1
(3.18)
o) (T Xe™mi/2
_ Z /%( " ) d_y
200"
i=1 Y M Yy
From (3.17) we have
- wi(s) dy
mi y@ey/Q7
and hence
pi(m; e mi/?) d
—o,—m; /2 _ Y
(3.19) m; “e /m Jaei®
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—a_—m; /2

Wl(z € ) d
%m_o‘e_mz/2 — / —y

2 m; yaey/2
(3.20)
M1 dy
= /ﬂll —yaey/2.
Because ¢}(s) > 0, it is easy to obtain that m; > m;_1 > --- > m3 = m > m*.

(3.2) and (3.19), (3.3) and (3.20) yield

(3.21) mi +1 < pi(m; e ™/2) < mi <m; +6In2.
By induction we have

(3.22) my +i<mip1 <mg+i(6In2).

In the following we prove To, = 4+00. We first consider the case « = 1/2. By
(3.18), (3.21) and (3.22), it follows

DT

—a —m1/2)

o0

Zilnm;rj__lzz 1+—
i=2 i=2

(2 l

- 1
> In(l1+ ———
_Z;n( +m1 +i(6ln2))

= +00.

Next, we consider the case @ < 1/2. It yields 1 — 2« > 0. By (3.18), (3.21) and
(3.22), we have

Koo =3 g el e /%) = mi =]
(3.23) -
— +1 12« 1 2(1]
Since
1 1-2a _ 12«

lim 1Y) Y —1-2q,

y—+oo Yy
and

=1 > 1
Z m2e ZZ (my1 +i(61n2))2e = 1o,

=1 1=2

by (3.23) it follows that T, = +o00. Therefore, v(x,t) exists globally. The proof of
global existence is completed. O
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4. PrROOF OF THEOREM 1—BrLow Up RESULT

In this section, we shall prove the second part of Theorem 1—blow up result, i.e.
to prove that every solution of (1.3) blows up in finite time if o > 1/2. The main
idea is to construct lower solution of (1.3) which blows up in finite time.

Since vg(z) > o > 0, choosing 0 < ¢ < ¢ and let ¢(s) be the solution of the
ordinary differential equation

{ ¢'(s) = p*(s)exp(p(s)/2),  s>0,
©(0) = e

Then ¢'(s) > 0, and there exists sg : 0 < sp < 00, such that

lim ¢(s) = +oo.

5—sq

Thanks to 0 < € < o, we have that there exists s1 : 0 < s1 < sg such that

(4.1) o(s) <o forall 0<s<s;.
Let g(t) be the solution of the ordinary differential equation
g'(t) = cap®(g(t) + ca) exp(—p(g(t) +c1)/2), >0,
(4.2)
9(0) =0,
where

c3 =min{3Nc2, sNci(e/20)},  cq = 2s1/3,

0 < cs <min{1/N,s1/(6Nd+ 3)},

d > 0 satisfying |z;| < d for any z = (z1,--- ,2n) € .

From (4.2) we have

#(g(t)+ca) dy

/ o = Cgt.
p(ca) Yy
Since o > 1/2, we get that there exists Tp : 0 < Ty < +o00o such that
(4.3) 9(To) + ca = so, i.e. lim o(g(t) + cq) = +o0.
t—Ty
Let
v(z,t) = (g(t) + k + cs(h(z) + A)),

where

A=Nd+1, h(z)=z1+ - +2zn,

k >0 satistying k + maxg{cs(h(z) + A)} = ca.
It is easy to see that v(x,t) is well defined on Q x [0,Tp). Using (4.3) we have
(4.4) lim Ju(, )]lec = lim @(g(t) + ca) = +o0.

—1y t—Ty,
Denote 7 = g(t) + k + ¢5(h(x) + A), then we have

(9 = e/ (1)g (1),

Vo =cs5¢' (1) v h,
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Av =i (r)| v h)?

= Nl () + 5 (7)] exp(p(r)/2)¢ (1)

> =Nczp®(1) exp(p(1)/2)¢' (7).

N | =

Since ¢'(7) > 0, it is obvious that if

(45) o (1) < SN (r) exp(~p(7)/2),
then we have
(4.6) (e < Aw in Q x (0,Tp).

Let f(y) = y®e~¥/2 for y > 0, then we have

£') = (g™ = Gy v

For yo > 0, f'(yo) = 0 if and only if yo = 2. It is easy to calculate that f”(yo) =
f"(2a) < 0. Therefore,

f'(y) <0 for y > 2a,

.7 ma (y) < f(20) = (20)7¢"".

For any (z,t) € Qx [0,Tp), if (1) = ¢(g(t) + k+cs5(h(x) + A)) < 2a, then we have

(4.8) (1) exp(—p(7)/2) > p*(0)e”* = €%,

(4.9) 9™ (g(t) + ca) exp(=p(g(t) + ca)/2) < f(2a) = (2a)%e™".

By the choice of ¢g, from (4.2), (4.8) and (4.9) it follows that (4.5) holds. For any
(z,t) € Q x [0,Tp), if o(7) > 2a, thanks to g(t) 4+ c4 > 7 and ¢'(s) > 0, we have
©(g(t) + ca) > p(1) > 2. And (4.5) follows directly from (4.7) and (4.2), and in
turn (4.6) holds.

For (z,t) € 0Q x (0,Tp), we have

P sl (1) 9 < Nesg!(r) < /() = ™ explu/2).
v(x,0) = ok + es(h(x) + A)) < (1) <o < vp(x), €.
By Proposition 2.2 we have that the solution v(x,t) of (1.3) satisfies
v(z,t) > v(z,t) on Q x [0,Tp).

From (4.4) it follows that v(x,t) blows up in finite time. The proof of the blow up
result is completed. O
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5. PROOF OF THEOREM 2

Throughout this section we assume that (H) holds. Since o > %, by Theo-

rem 1 we know that the solution v(x,t) blows up in finite time Ti,.x. By the
standard method, it is easy to prove that the solution v(z,t) of (1.3) is a radially
symmetric positive classical solution, i.e. v(x,t) € C?(Q x (0, Tyax)) N C (2 x
[0, Tmax)), v(z,t) = v(—=x,t) > 0 for 0 < = < 1,v,(0,¢) = 0. And v,(x,t) >
0,v¢(x,t) > 0,20 for 0 <z < 1,0 <t < Tpax-
Proof of (1.4). Using assumption (H), it is easy to verify that
(5.1) voz (z) < v () exp(vo(z)/2) + k1(1 — ), 0<z<1,
where k1 = ¢1 + c2, ¢ = max(_; {[v§ (z)/2 + avS‘_l(x)]vOI () exp(vo(x)/2)}, c2 =
max(_1 1) [Vozz ()|
Let H(x,t) = v, — v®e"/? — k(1 — z)e?, then we have, using (5.1),

e'Hy — Hyp + v, Hy <0 in (0,1) x (0, Tynax),

H(0,t) < 0,H(1,t)=0 in (0, Thax),

H(z,0) <0 on [0,1].
Therefore, H(z,t) < 0 on [0,1] x [0, Tihax). Which yields
(5.2) 0 < vg(z,t) <v¥e? + k(1 —x)e’ in (0,1] X [0, Tax)-
Using (5.2) we have, for 0 < t < Thax,

vp(L) = lim el

> (3021, 8) + av?@ (1, 8) — ky)ev(BD),
ie.
(5.3) w(1,t) > %UM(L B+ av2@= (1,8) — by, 0 <t < oo
Since v, (x,t) > 0 and v(z,t) blows up in Tinax, we have v(1,t) — 400 as t — Thax,
hence (5.3) yields
v(1,t) > %vm(l,t)
when t is close to Thax. In view of 2a > 1 we have

2
lim  v(1,t)(Thax — )Y/ 297D < ( )L/ (2a=1),

t— T T 2a-1
ie. (1.4). O
Proof of (1.5). Let w = (1 — 2)v,(z,t) — 2, w satisfy

YWy — Way + ePvpw = in (0,1) x (0, Trax),

w(0,t) = =2, w(l,t)=-2 on [0, T
w(z,0) = (1 — x)vpe(z) — 2 on [0,1].

Therefore
w(z,t) < max{maxy [(1 — z)vos(x) — 2],0}
< max(,1](1 — 7)vos (),

which yields

(5.4) (1= @) ,1) < 2+ max(l =)o (2) 2 ko on [0,1] % [0, Thnax)-
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Denote z(x,t) by the solution of the following problem:

2t — 2y = 0, 0<gc<%7 t >0,
(5.5) 2(0,8) =0, 2,(5,1) = 2k, t >0,
2(2,0) = vo(z) + [2k2 — v0z(3)]2?, 0 <z < 5.

Then z(z,t) exists globally. Let
1
y(a,t) = (%zalﬁcvom(x) + 4ko)t + vo(x) + [2k2 — Uogg(i)]xz.

It is easy to verify that y(z,t) is a upper solution of (5.5), hence we have
0<z(z,t) <ylz,t) <c(l+1t), 0<z<i, ¢>0.
Using (5.4) we see that v(z,t) is a lower solution of (5.5) on [0, 3] X [0, Tinax),
consequently
v(@t) < 2@ t) < c1+1) on [0, ] x [0, Tonw),

which yields

(5.6) v(0,t) <e(1+t), 0<t<Thax
By means of (5.4) and (5.6) we have
(5.7)

v(z,t) <v(0,t) —koIn(l —2z) < e(l14+1¢t) —kaln(l —x) in (0,1) x (0, Tinax)-

This shows that the blow up points are only x = +1. On the other hand, using
(5.2) we get

e Yy, < v V% 4 k(1 — x).
Integrating this inequality from x to 1 we obtain

1
(5.8) e7v@ _ g7 < / v (s,1)e N 2ds 4 ky (1 — )2/2.

It is easy to calculate that the right hand side of (5.8) is bounded by
(2a)%e™* + k1/2)(1 — ).
Let t — Thax in (5.8) we have
exp{—v(x, Tmax)} < ((2a)%™* + k1/2)(1 — x),
and hence
(2, Trnax) > —¢ — In(1 — ).
This inequality and (5.7) show that (1.5) holds. |

Finally, for prowing (1.6), it remains to get a lower bound of blow up rate of
v(z,t). To do so, we first prove

Lemma 5.1. If vo(x) € C3(Q) and vowzs(T) > vozz(x) - voz(z) on [0,1], then
Vet (x,t) >0, i.e. vg(x,t) is nondeereasing in t.

Proof. Let z = v,, then we have, by (1.3),
€2t — Zgy + 22, =0 in (0,1) x (0, Tryax),
(5.9) 2(0,t) =0, =z(1,t) =v*(1,t)e’™D/2  in (0, Thax),

2(x,0) = zo(x) = voz(z) >0 on [0,1].
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By the assumptions on vg(x), we see that zo(x) = v, () satisfies the compatibility
conditions of (5.9) at x = 0,1, and 2¢(2)20z(x) < 20z(z) on [0,1], i.e. 2zo(z) is a
lower solution of (5.9). Using the standard method we have z; > 0, i.e. vye(2,t) >0
in (0,1) % (0, Thnax)- O

Lemma 5.2. Under the assumptions of Lemma 5.1, there exists T1 : 0 < 11 <
Tmax such that

(5.10)
zvp(x,t) < vgp(x,t) + r[%al)]((xvm(x,Tl)e_”(w’Tl)) in (0,1) x [T1, Trax)-

Proof. Since v(1,t) — 400 as t — Tiax, there exists T7 : 0 < T1 < Thax, such that
1
(v (1) + av® (1, 1)) exp(v(1,1)/2) < e’@D —1 for T <t < Thax

Denote k3 = max(g 1)(2vzz (7, T1)e~v®T1)) and let
w(z,t) = xvy — v, — k3.
Then we have, by using Lemma 5.1,

VW — Wyy + V0w = =20, — kge¥vy <0 in (0,1) X (11, Tmax)s
’U)(O,t) =—k3 <0 in (T17Tmax)7
we(1,t) = [1 — e’ + (a1 + %va)evm]e_vvwlﬂc:l <0 in (71, Tinax),

w(z,Th) =av(x,T1) —ve(x,Th) — ks
= xe_”(m’Tl)vm(x, Ty) — ks — v (x,T1)
<0 on [0,1].

Therefore w(z,t) <0 on [0,1] X [T1, Tmax), and in turn (5.10) holds. O

Lemma 5.3. Under the assumptions of Lemma 5.1, there exists kg > 0 which
depends only on vo(x),« and Ty, such that

1
(5.11) vy <02+ kv, on [5,1]><[T1,Tmax).

Proof. By Lemma 5.1 and v, > 0 in (0, 1], we know that there exists € > 0 such
that

1
(5.12) vz (z,t) > € on [5,1] X [T1, Tmax)
Using (5.4) and (5.10) we have, for T1 <t < Tiyax,
1 1
(5.13) Ut(§,t) < 2(vw(§,t)+k3) < 2(2ko + k3),
which yields, for T} <t < Thax,
1 1
(5.14) 0(501) < (5. T1) + (ks + 2h3) (Tinax — T1) 2.

Since v(1,t) — 400 as t — Tax, without loss of generality we may think that
v(1,t) > 2a for all Ty <t < Tipax. Let

ks = H{max 1)(e”™ vy (2, Ty)) + 2(2k2 + ks)e },

w(z,t) = v2 + kyv, — eVvy,
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then we have, by (5.12)—(5.14),

e'wy — Way + 20, w, — evyw =0 in [%, 1) x (T1, Trax)s
w(x,T1) >0 in [$,1],
w(,t) >0 in  [T1, Timax),

we(1,8) =g (1, )02 (1,4)e" 0072 4 ky — (F0(1,8) + av*= 1 (1,1))e’ (102
> v (1,8)[30%(1, 1) — av (1, 8)]ev 1D/
>0 in  [T1, Tmax)
since v(1,t) > 2« and v, (1,¢) > 0. By the maximum principle we have
w(x,t) >0 on [%, 1) x [T1, Timax);
and hence (5.11) holds. |
From (5.11) we have, for T1 <t < Thax,
vi(1,t) < e D (2(1,1) + kyva(1,1))
= e IO (2(1,1)e D 4+ kyv(1,1)e?(H0/2)
= v2(1,t) + kgv(1,t)e v (1LD/2,
By use of v(1,t) — 400 as t — Tiax, We obtain easily that
v(1,t) > {(2a — [+ kqv™ (1, t)e " ED/2)(Tpay — )}/ 0729,

and therefore

- 1 1/(2a—1)

li 1, 1)(Tonax — £)1/ =1 > .

o1, 0) (T 1) (2a_1)

This inequality and (1.4) show that (1.6) holds. |

6. CONCLUDING REMARKS

Remark 1. Considering the general problem

(eu)t — AU in Qx (O;T)a
gu =y (In(1+u)  on 9Qx (0,7),
u(z,0) = ug(x) in €,

where Q C R¥ is a bounded domain with smooth boundary 952, «, 3,1 > 0, are the
parameters. ug € L>(Q) and ug(z) > ¢ for some small § > 0. Similar to the proof
of Theorem 1 we can prove the following results.
(I). If B > 1/2, then every solution blows up in finite time;
(IT). If B < 1/2, then every solution exists globally;
(IIT). If B = 1/2, then we have the following three cases:
(i) if & > 1/2, then every solution blows up in finite time;
(ii) if & < 1/2, then every solution exists globally;
(iii) if @ = 1/2, then I > 1/2 implies that every solution blows up in finite
time; [ < 1/2 implies that every solution exists globally.
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The above results show that 1/2 is the critical number which criticize the exis-
tence and nonexistence of global solutions.

Remark 2. Considering the general equations

(a(u))r = Au in Qx(0,7),
g — b(u) on 9Q x (0,7),
u(z,0) = up(x) in

where Q C R is a bounded domain with smooth boundary 99, ug € L*°() and
up(x) > & for some small § > 0. a(s),b(s) € C*(0,4+00),a(s),b(s) and a’(s) are
positive functions for s > 0. Combining the proof of Theorem 1 with the methods
of [9] and [12], we can prove the following results:

Assume that there exist some m > 0 and M > 0, such that (mb'(s) +1)/da’(s) is
monotone (nonincreasing or nondecreasing) for s > M.

(1). I

/+OO Lds < 400
b(s)(mb'(s) +1) ’
then every solution blows up in finite time.
(IT). If

/+°° ﬁ = +o0o and /+OO —a’(s) ds = +00
b(s) b(s)(mb'(s) +1)
then every solution exists globally.

However, if

/+OO£<_|_OO and /‘*‘OOL_'—OO

b(s) b(s)(mb'(s) +1)
then the situations are very complicated. Theorem 1 and Remark 1 show that, for
some special functions a(s) and b(s), every solution also exists globally. But, if we

choose . )
bs) =exp(e’), als) = [ g,

we have not obtained any results on the existence and nonexistence of positive
global solutions.
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